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Abstract. This paper deals with two famihes of algebraic varieties arising 
from applications. First, the k-factor model in statistics, consisting of n X n 
covariance matrices of n observed Gaussian variables that are pairwise inde- 
pendent given k hidden Gaussian variables. Second, chirality varieties inspired 
by applications in chemistry. A point in such a chirality variety records chiral- 
ity measurements of all fc-subsets among an n-set of ligands. Both classes of 
varieties are given by a parameterisation, while for applications having polyno- 
mial equations would be desirable. For instance, such equations could be used 
to test whether a given point lies in the variety. We prove that in a precise 
sense, which is different for the two classes of varieties, these equations are 
finitely characterisable when k is fixed and n grows. 



1. Results 

The fc-factor model. Factor analysis addresses the problem of testing whether n 
observed random variables are conditionally independent given k hidden variables, 
called the factors. In the case where the joint distribution of all n + k variables is 
multivariate Gaussian, the parameter space F„^k for the fc-factor model is the set 
of n X n-covariance matrices of the form S -I- F where E is diagonal positive definite 
and r is positive semidefinite of rank at most fc. An algebraic approach to factor 
analysis seeks to determine all polynomial relations among the matrix entries in 
Fn,k', these relations are called model invariants [Ij. 

Clearly, any principal m x m-submatrix of a matrix in Fn^k lies in Fjn,k- An 
important question of theoretical interest is whether, for fixed fc, there exists an m 
such that for n > m the model Fk,n is completely characterised by the fact that 
each principal m x m-submatrix lies in Fk,m- For k — 2 this question was settled 
in the affirmative very recently; m = 6 suffices [5]. We prove the corresponding 
statement for the Zariski closure of the model, i.e., for the set of all real (or complex) 
n X n-matrices satisfying all model invariants. Apart from polynomial equalities 
the definition of the model Fk^n also involves inequalities, which our approach does 
not take into consideration. 

Our theorem to this effect needs the following notation. Let K he a field; all 
varieties and schemes will be defined over K. If X is a scheme over K and 5 is a 
if-algebra (commutative with 1), then we write X{S) the set of S'-rational points 
of X. Our schemes will be affine, but not necessarily of finite type. So X = Spcci? 
for some i^T-algebra R and 5-rational points are the if-algebra homomorphisms 
R^S. 
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For a natural number n we write [n] for the set {1, . . . ,n} and M„, SM„ for the 
afBne spaces over K oi n x ji-matrices and of symmetric n x n-matrices, respec- 
tively. We also write 0M„ for the afhne space of off-diagonal n x n-matrices. This 

2 _ 

is the space A" " where we think of the coordinates as the off-diagonal entries 
I ^ J of an n X n-matrix, so that the notion of principal submatrix of an off- 
diagonal matrix has an obvious meaning. Similarly we write SOM„ for the space of 
symmetric off-diagonal n x n-matrices. There are natural projections M„ — > 0M„ 
and SM„ SOM„. Given a second natural number k we write C M„ for 

the subvariety of matrices of rank at most k and SM- C SM„ for the subvariety 
of symmetric matrices of rank at most k. Our first finiteness result concerns the 
varieties OM^'"' and SOMj^'"', which are the scheme-theoretic images of M^''' and of 
SM^*^, respectively. In concrete terms, the ideal of OM^*^ is the intersection of the 
ideal of M^*"' with the polynomial algebra in the off-diagonal matrix entries, and 
similarly for SOMI''. It seems rather hard to determine these ideals explicitly; for 
fixed k and n they can in principle be computed using Grobner basis techniques 

i- 

Example 1.1. For k = 2 and n = 5 the variety SOMg- is a hypersurface in SOM5 
with equation 

X! Sgn(CT)cr(yi2y232/34y452/5l) = 0, 
cr€Sym(5) 

where ijij = yji is the (i, j)-matrix entry and Sym(5) acts by simultaneously permut- 
ing rows and columns. The factor 1/10 comes from the dihedral group stabilising 
the 5-cycle, so this equation has 12 terms. This equation is called the pentad in [4]. 
Experiments there show that for n up to 9 pentads and off-diagonal 3 x 3-minors 
generate the ideal of SOM,^^. 

For any subset / C [n] of size m and any matrix y in M„ we write y[I] € 
for the principal submatrix of y with rows and columns labelled by /; this notation 
is also used for off-diagonal matrices. If ?/ G M^''{K), then also y[I] e M^''{K). 
Conversely, y € Mn{K) lies in M^''{K) if and only if all its (fc -I- 1) x (A: -I- l)-minors 
vanish. This implies that if n > 2{k + 1), then y e MniK) hes in M^''{K) if and 
only if y[I] G M~^i_^^^{K) for all / C [n] of size 2{k + 1). Moreover, this statement 
holds scheme-theoretically, as well: the ideal of M^'' is generated by the puUbacks 
of the ideal of M^^^^-^-j under the morphisms y i— > y[I]', this is just a restatement of 
the well-known fact that the (k + l) x {k+ l)-minors generate the ideal of M^^*^ [5]. 
Note that we need 2{k + 1) here, rather than for instance (A: -I- 1), because we are 
only taking principal submatrices. 

Theorem 1.2 (Set-theoretic finiteness for the fc-factor model). There exists a nat- 
ural number Nq, depending only on k, such that for all n > Nq we have 

0M^\K) - {ye M„(X) I y[I] e OM^^(i^) for all I C [n] of size No}. 

Similarly, there exists a natural number Ni, depending only on k, such that for all 
n > Ni we have 

SOM^''{K) ^{ye SMn{K) \ y[I] e SOM^^X^) for all I C [n] of size Ni}. 

This theorem settles the "radical" part of t4j Question 29]. To relate this the- 
orem to the fc-factor model take if = R. Since the diagonal entries in ^ are 
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"free parameters" , all model invariants are generated by those involving only the 
ofF-diagonal entries. Hence a matrix lies in the Zariski closure of Fn.k if and only 
if its image in SOM„(R) lies in SOM^'^(M). Note that the theorem does not claim 
the stronger finiteness property in [H Question 29], that the entire ideal of SOM^*^ 
is generated by the pull-back of the ideal of SOM^^ under taking principal subma- 
trices. Although we expect this to be true, our methods do not suffice to prove this 
result. 

Chirality varieties. Our second finiteness result concerns another family of alge- 
braic varieties, motivated by applications in chemistry such as the following [llj . 
One imagines four distinct ligands in the vertices of a regular tetrahedron T, which 
bond to an atom in the centre of T, and one is interested in some measurable 
property of the resulting structure which is invariant under orientation preserving 
symmetries of T but not under reflection. An example of such a property is optical 
activity. One assumes that the ligands can be characterised by scalars xi, . . . ,X4 
and that the property is captured by a scalar valued function F of those four vari- 
ables. The smallest-degree case is that where F{xi, . . . , X4) := ni<j(^j ~ ^i)- This 
function is called a chirality product; it changes its sign under reflections. Next 
one assumes that one has n ligands, and wants to know the polynomial relations 
among the values F(a;i^ , . . . , x^^) as {ii, . . . , i^} runs over all 4-subsets of [n]. Again 
one hopes that these relations are characterised by finitely many types; and this is 
exactly what we shall prove. 

More precisely and generally, fix a natural number k and for all n > k consider 
the afRne space si'^'' whose coordinates yj are parameterised by all fc-subsets of [n] . 

(k) 

In the example above k equals 4. Consider the morphism A" Sn that sends 

(k) 

X to the point y G Sn whose coordinate yj equals the Vandermonde determinant 
Hi j^j-i<j{^i~^j)- The scheme-theoretic image of this map is denoted vl'"^ We call 

(k) 

Vn a chirality variety; its ideal is the set of all relations between the Vandermonde 
determinants, or outcomes of chirality measurements for all /c-subsets of n ligands. 
For any subset / of [n] of size m > k we have a natural morphism ttj : si'^'' — > 
sin, y > y[I], which forgets the coordinates corresponding to fc-subsets J ^ [m]. 
By construction, this map sends vl'^'' into Vm'' . 

Theorem 1.3 (Scheme-theoretic finiteness for chirality varieties in characteristic 
zero). In the (chemically relevant) case where the characteristic of K is zero there 
exists a natural number N2, depending only on k, such that for all n > N2 the 
scheme vl'^'' is the scheme-theoretic intersection of the pre-images 7r7^V^^^ over all 
N2 -subsets I of [n] . 

In more concrete terms, the ideal of Y^^^ is generated by the pull-backs of vj^^^ 
under all projections ttj. The condition on the characteristic of K comes from the 
fact that our proof uses the existence of a Reynolds operator. 

Preview. The remainder of this paper is organised as follows. In Section [2] we 
cast our two main results in a common framework, in which a sequence of schemes 
with group actions is replaced by its limit, which is a scheme of infinite type. 
Section[3]introduces and develops the new notion of G-Noetherianity for topological 
spaces. Lemma 13.51 is particularly important for our proof of Theorem II. 21 Section 
m introduces and develops the analoguous notion for rings (or schemes). Theorem 
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14.21 by Aschenbrenner, Hillar, and SuUivant is used extensively in all proofs, while 
Proposition 14. 91 shows how to use the Reynolds operator to prove scheme-theoretic 
finiteness for certain schemes, including the chirality varieties in characteristic 0. 
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2. Finiteness problems for chains of schemes 

Our results above fit into the following set-up, which is similar to that of [U 
Section 4]. First, we are given an infinite sequence 

A,^^^ A2^^=^ As^^i^ ■ ■ ■ 

^21 ""32 7r43 

where each An — Spec(r„) is an affine scheme over K, Tn.n+i is a closed embedding, 
and nn+i,n is a morphism satisfying 7r„+i.„T„.„+i = idA„- For m < n we define 
Tm,n ■= Tn-i,„ ■ ■ ■ Tm,m+i and TTn^rn ■= T^m.+\,m ' ' ' 7r„,„-i. Sccond, wc are givcu a 
sequence 

r '''12 r '''23 r '''34 

Yx^^=^ Y2^^^ Y^^^^ ■ ■ ■ 

7^21 7T-32 7^43 

where each Yn is a closed subscheme of An with ideal /„ C An , and we require that 
TTn+i.n maps Yn+1 iuto F„ and that t„^„+i maps Yn into Yn+i- Third, we are given 
a sequence of groups 

Gi C G2 C . . . 

with for each n an action of G„ on An by automorphisms stabilising Yn, and such 
that TTn+i.n IS G„-equivariant. We do not require that t„^„+i be G„-equivariant. 
We make the following somewhat technical assumption: for any triple q > n > m 
and any g G Gq there exist a p < m, g' £ Gn, and g" g G,„ such that 

( ) '^q^m9^n,q — 9 '^p^ni^n^pQ • 

Now let Aoo ■— lim<_„ ^„ be the projective limit of the An, i.e., the affine scheme 
corresponding to the algebra Too ■= Un'^"' where for m < n the algebra is 
identified with a subalgebra of T„ by means of •tt* „j. Since the latter map is Gm- 
equi variant, the union G of all G„ acts naturally on Too and hence on Aoo. Define 
Yao C Aoo similarly; then G stabilises Yoo. We write Tn^oo and TToc,n for the natural 
embedding An Aac and the natural projection A^o An, respectively. 

Lemma 2.1. Let m be a natural number. For any K -algebra S the following two 
statements are equivalent: 

(1) for all 71 ^ m the set Yn{S) consists of all y G Ani^S) for which 7rn,mGn y ^ 
Ym{S), and 

(2) the set Yoo{S) consists of all y £ A^ciS) such that 7Toc,mGy C Y„i(S). 
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Proof. For the implication ([T]) ([2]) let y G Aoc {S) have the property that Hoo.mGy C 
Ym{S). By definition, the element y lies in Yoo{S) if and only if 7roo,ny lies in Yn{S) 
for aU n. For n<m this condition is fulfilled because TToo.niv) (y) and 

the right-hand side lies in Yn{S) by the property of y and the fact that 7rm.„ maps 
Ym{S) into Yn{S). Next consider y' :— Troo,ny G An{S) for n > m. For g £ Gn we 
have T^n,mgy' = TToo/mSy, which lies in ym(S') by assumption. Hence by ([T]) lies 
in y„(S'), as needed. 

For the implication ([2]) ^ ([1]) let ?/ G An{S) satisfy T^n,mGny C Y„i{S). Let 
y' := Tn^ooJ/; we prove that y' lies in Yoo{S) by showing that iToo,mGy' C y„j(S'). 
Indeed, let g G G, say g G Gq. If q < n then g e Gn and TTQo,mgy' ~ T^n.mgy G 
Yr,i(S') by the condition on y. Hence suppose that q > n and consider the element 
TToo.mffy' = T^q.mgTn.qy- Now wc iuvokc Q abovc to find a p < TO and a g' £ Gn 
such that the right-hand side equals g" Tp^rn'^n,pg'y, which by the property of y lies 
in Ym{S). By ^ we conclude that y' does indeed lie in Yoo{S), hence y lies in 
Y^{S). □ 

The condition that H]) be true for all if-algebras S is equivalent to the statement 
that for n > m the ideal /„ C T„ of Yn be the smallest G„-stable ideal containing 
Ira- Similarly, the condition that ([2]) be true for all if -algebras S is equivalent to 
the statement that the ideal I^o be the smallest G-stable ideal of Too containing 
Im- Consequently, these two scheme-theoretic statements are also equivalent. 

We now fit our main results into this set-up. 

The fc-factor model. Here An equals 0M„ or SOM„, r„ equals OM-'' or SOM^'', 
and Gn — Sym(7i) acts by simultaneous row- and column permutations. The map 
■Kn+i.n sends an (off-diagonal) {n+\) x (n+l)-matrixto its principal n x n-submatrix 
in the upper left corner, and t„^„+i augments an (off-diagonal) n x n-niatrix with 
zero (n -I- l)-st row and column. That 7r„+i^„ and t„.„+i map Yn+i into Yn and 
vice versa follows from the fact that they map M^^j^ into M^*"' and vice versa. 
Finally, condition Q is fulfilled since any to x TO-principal submatrix oi a, q q- 
matrix obtained from an n x n-matrix y by augmenting with zeros and applying 
an element of Sym((7) can also be obtained by applying an element of Sym(n) to y, 
taking a suitable principal p x p-submatrix, augmenting with zeroes, and reordering 
rows and columns with a permutation from Sym(m). 

Our proof of Theorem 11.21 set-theoretic finiteness of the /c-factor model, will 
focus on the if -rational points of the schemes An — 0M„ and Yn = OMj^*^. More 
specifically, we shall prove that there exist finitely many elements /i , . . . , /; G Too 
such that y G Aoo{K) lies in Yoq{K) if and only if fi{gy) = for i = 1, . . . , Z and 
g £ G. By Lemma WA\ with S = K this implies Theorem 1 1.21 

Chirality varieties. Here An equals \ Yn equals \ and G„ — Sym(7i) acts 
on the coordinates as follows: gyj equals {—\)°'ygj where a is the number of pairs 
i < j in J such that gi > gj; we call a the number of inversions of g on J. Note that 
this action makes the parameterisation yj — Yii j£j-i<ji^i ~ ^j) ^'^ ^ Sym(n)- 
equivariant. The map 'Kn+i,n projects onto the coordinates yj with J a subset of 
\n\. That iTn+i,n maps Yn+i into Yn is clear from the parameterisation. The map 
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Tn^q for q > n is defined by its dual as follows: for J a fc-subset of [q] we set 

(yj if J C [,i - 1] 

<,g-yj^lo if |J\[n-l]| >2, and 

[yj-{j}+{n} if \ [" - 1] = {j}- 

This reflects the effect of taking Xj = Xn for all j > nin the parameterisation, which 
shows that Tn,q does indeed map y„ into Yq. Note that Tn,q = Tg-i.q • ■ ■ t„_„_|_i, as 
in our set-up. Now we need to verify condition Q, whose dual statement reads 

* * / * * 

for suitable p < rn, g' ^ S'yin{n),g" G Sym(r7i). Let L be the set of elements in [to] 
that are mapped into [n — 1] by g. For any fc-subset J of [m] the map r* ^gTr* „ 
sends 

U-lTygj iiJCL 
yj^ lo if |J\L| > 2, and 

[ (-l)°yg,/-to} + {n} if J\L = {j}, 

where a is the number of inversions of g on J. We distinguish two cases. First 
suppose that L is all of [m]. Then the last two cases do not occur, and we may 
take g" := 1 G Sym{TO), p :— m, and any g' G Sym(n) which agrees with g on [m]. 
Second, suppose that L C [m]. Set p := \L\ + 1 < m and choose g" G Sym(TO) 
such that g" maps L bijectively into [p — 1] and such that for all i,j in L we have 
g"i < g"j if and only gi < gj. This ensures that the number of inversions of g" on 
any subset of [to] containing at most one element outside of L is the same as the 
number of inversions of g on that subset. Then tt* pT* ^g" maps 

[ {-iryg"j if J C L 

yj ^ < if |J\i| > 2, and , 

[ J-{9"j}+M ifJ\L = {j} 

where a is both the number of inversions of 5 on J and that of g" on J. Hence if we 
compose this with an element g' G Sym(n) which is increasing on [p] and satisfies 
g'g" = g on L and g'p = n, then we are done. 

For Theorem II. 31 scheme-theoretic finiteness of chirality varieties in characteris- 
tic 0, we shall prove that there exist finitely many elements /i, . . . , /; in the ideal 
loo of Yoc = V^'' whose G-orbits generate the ideal of ■ By Lemma 12.11 and the 
remark following it this implies Theorem 11.31 



3. Topological G-Noetherianity 

In this section we develop a purely topological notion that can be used to prove 
set-theoretic finiteness results. 

Definition 3.1. Let G be a group acting by homeomorphisms on a topological 
space X; we shall call X a G-space. Then X is called G-Noetherian if every chain 
2 X2 ^ ... of closed G-stable subsets of X stabilises in the sense that there 
exists an to such that Xn = Xm for all n > m. 



Lemma 3.2. Let X be a G-space and Y a G-stable closed subset of X. If X is 
G-Noetherian, then so is Y . 
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Proof. Every descending chain of G-stable closed subsets in Y is also such a chain 
in X, hence stabilises. □ 

Lemma 3.3. Let X and Y he G-spaces. IfYis G-Noetherian and if there exists 
a surjective G-equivariant continuous map Y ^ X, then X is G-Noetherian. 

Proof. The pre-image of a descending chain of G-stablc closed subsets of X is such 
a chain in Y, hence stabilises. By surjectivity the chain in X also stabilises. □ 

Lemma 3.4. Let X and Y be G-spaces. Then their disjoint union, equipped with 
the disjoint-union topology, is G-Noetherian if and only if both X and Y are. 

Proof. A closed G-stable subset of X U F is of the form CuD with C and D closed 
and G-stable in X and Y, respectively. A descending chain of such sets stabilises 
if and only if the induced chains in X and Y stabilise. □ 

The above lemmas are exact analogues of statements on ordinary Noetherianity 
of topological spaces. Now, however, we introduce a construction where the G- 
structure plays an essential role. Suppose that Y is an iJ-space, where H is a 
subgroup of G. Construct the space G Xh Y := G x Y/ ~ where ~ is the smallest 
equivalence relation with {gh, y) ~ {g, hy) for all 5 e G, /i e i?, y € F. The space 
G X Y carries the product topology with G discrete, so that every closed subset 
is of the form Uggcis} ^ ^'^th. each Yg closed in G. The space G XhY caries 
the quotient topology of the product topology and a topological G-action by left 
multiplication. 

Lemma 3.5. IfY is H-Noetherian, then G XhY is G-Noetherian. 

Proof Let Zi 13 Z2 3 ... be a chain of G-stable closed subsets of G Xjj F. The 
pre-image oi in G x Y is of the form [Jg^Q{g} x Yi^g with Yi^g closed in Y. As 
Zi is G-stable, we have Yi^g = Yi^e for all g & G, and as Zi is a union of equivalence 
classes l^^e is i?-stable. The chain Yi^e 2 Y2^e 2 • • • stabilises as Y is if-Noetherian, 
hence so does the chain Zi 12 Z2 ^ ■ . .. □ 

In our application to the fc-factor model, the topological spaces will be sets of 
rational points of afSne schemes over K, equipped with the Zariski topology where 
closed sets are given by the vanishing by of elements in the corresponding ii'-algebra. 
The following lemma describes what G-Noetherianity means in this case. 

Lemma 3.6. Suppose that A = SpecT is an affine scheme over K, where T is a 
K -algebra, and that G acts hy automorphisms on A, hence on T. Then the following 
two statements are equivalent: 

(1) A{K), equipped with the Zariski topology, is G-Noetherian: and 

(2) for every G-stable ideal lofT there exist finitely many elements /i, . . . , /; 
such that y € A{K) lies in the closed set defined hy I if and only if fi{gy) 

I) for all i = 1, . . . ,1 and for all g &G. 

Proof. Suppose first that A{K) is G-Noethcrian and let / be a G-stablc ideal in T. 
Construct a chain Xq D Xi D . . . of G-stable closed subsets of A{K) as follows: 
Xq := A{K), and for i > 1 either choose fiGl which does not vanish identically 
on Xi^i and set Xi := {y G Xi^i \ fi{gy) = for all g € G} or, if such an fi does 
not exist, then Xi = By G- Noetherianity this G-stable chain stabilises at 

some Xi, and then /i, . . . , /; have the required property. 
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For the converse suppose that every G-stable ideal / has the stated property, and 
consider a chain Xi D X2 3 ... of G-stable closed subsets. Let /„ be the ideal in 
T vanishing on X„. The union of all /„ is a G-stable ideal in T, hence let /i, . . . , // 
be as in the assumption. Let n be such that /i, . . . , /; G /„. Then we claim that 
Xfn = Xn for m > n. Indeed, if not, then let y G X„ \ X^.- This means that some 
element of C / does not vanish on y, which contradicts the fact that fi{gy) — 
for all i and g. □ 

4. Scheme-theoretic G-Noetherianity 

In this section we introduce and develop the notion of G-Noetherianity for rings. 
Dually, we will also adopt this terminology for the corresponding affine schemes. 

Definition 4.1. Let G be a group acting by automorphisms on a ring i?; we shall 
simply call R a G-ring. Then R is called G-Noetherian if every chain h ^ I2 Q ■ ■ ■ 
of G-stable ideals stabilises. 

For all main theorems we need the following fundamental result. 

Theorem 4.2 ([H |7]). The ring K[xij \ i ^ 1, ... ,1, j ^ 0,1,2, ...], on which 
the group Sym(N) of bijections from N to itself acts by axij = Xia-j, is Sym(N)- 
Noetherian. 

This theorem was first proved in [T] for the case where 1 = 1, and then generalised 
in [7] . Its proof boils down to showing that a certain order on monomials is a well- 
quasi-order. The fact that Sym(N)-stable monomial ideals are finitely generated 
up to the action of Sym(N) boils down to the statement that Young diagrams are 
well-quasi-ordered by inclusion. This, in turn, is a special case of the theorem in 
[lOj that antichains of monomial ideals are finite. 

Remark 4.3. In view of Section[2]it is more natural to replace Sym(N) by the direct 
limit G of all Sym(n), where Sym(n) is considered as the stabiliser in Sym(n + 1) 
of n -|- 1. As both groups have the same orbits on the ring above, that ring is also 
G-Noetherian. 

Lemma 4.4. If R is a G-Noetherian ring, then so is R[X], where X is a variable 
and G acts only on the coefficients of the polynomials in R[X]. 

Proof. One can copy the proof of Hilbert's basis theorem from \W word- by- word. □ 

Lemma 4.5. Let R be a K -algebra, and let A = Speci? be the corresponding affine 
scheme over K . Suppose that a group G acts on R by K-algebra automorphisms. 
Then if R is G-Noetherian, then the set A{K) with the Zariski topology is a G- 
Noetherian topological space. 

Proof. Consider a chain Xi D X2 ... of G-stable closed subsets of Y{K). Let /„ be 
the vanishing ideal in R of Xn. The /„ form an ascending chain of G-stable ideals, 
which stabilises as R is G-Noetherian. Hence, since Xn is the zero set of /„, the 
chain Xi D X2 3 . . . also stabilises. □ 

We collect some further elementary properties of scheme-theoretic G-Noetherianity. 
First, an analogue of Lemma [3?2l 

Lemma 4.6. Let R and S be G-rings. If there exists a G-equivariant epimorphism 
R S and R is G-Noetherian, then S is G-Noetherian. 
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Proof. Every chain /i C /2 C . . . of G-stable ideals in S lifts to a chain in R. As 
the latter stabilises by G-Noetherianity of R, so does the chain in S by surjectivity 
of the morphism R S. □ 

An analogue of Lemma [33] is this. 

Lemma 4.7. Let R and S be G-rings. Then R(B S is G-Noetherian (respectively, 
radically G-Noetherian) if and only if both R and S are G-Noetherian (respectively, 
radically G-Noetherian). 

Proof. A G-stable ideal of i? © is of the form I ® J with / a G-stable ideal in R 
and J a G-stable ideal in S. A chain of such ideals stabilises if and only if the two 
component chains stabilise. □ 

Here is one possible analogue of Lemma 13.31 

Lemma 4.8. Let R and S be G-rings. Lf there exists a G-equivariant homomor- 
phism (j) : R ^ S such that ^~^(0(/)>S') = / for all G-stable ideals I of R, and if S 
is G-Noetherian, then so is R. 

Proof. For a chain /i C /2 C . . . of G-stable ideals in R the ideals Ji := (f>{Ii)S form 
a chain of G-stable ideals in S. As S is G-Noetherian, we have J^+i = Jj for all 
sufficiently large i. But then also li+i = 0^^(Ji+i) = (j)^^{Ji) = li, as required. □ 

For scheme-theoretic finiteness of chirality varieties in characteristic we need 
another construction of G-Noetherian algebras. Consider a X-algebra R acted 
upon by two groups G and H, where the actions have the following four properties: 
G and H act by iiT-algebra automorphisms; actions of G and H on R commute; 
every element of R is contained in a finite-dimensional iJ-module; and every finite- 
dimensional i?-submodule of R splits as a direct sum of irreducible _ff-modules. By 
the second property, the iiT-algebra R^ of i7-invariants is G-stable. 

Proposition 4.9. Lf R is G-Noetherian, then so is R^ . 

The proof of this proposition uses the Reynolds operator p : R ^ R^ , defined as 
follows. For / G i? let [/ be a finite-dimensional iJ-submodule of R containing /. 
Split U = Uq (B Ui where Uq is the sum of all trivial iJ-modules in U and Ui is the 
sum of all non-trivial irreducible iZ-modules in U. Split / = /o + /i accordingly. 
Then :— fo. A standard verification shows that this map is well-defined and 
an J?^-module homomorphism R — > R^ . Sec, for instance, [31 [HI [5] • 

Proof By Lemma l48l it suffices to show that RL D R" = L for aU ideals / of R^ . 
This follows from a standard argument involving the Reynolds operator: Write 
/ e RL n R^ as r-ifi with ri ^ R and /; e /. As / is _ff-invariant we have 

i 

where the last step uses that p is an i?^-module homomorphism. □ 

5. Proofs of the main theorems 

We retain the setting and notation of Section[2l If we can prove that the ambient 
topological space Aoo{K) is G-Noetherian, then by Lemma [3.61 there exist finitely 
many elements /i , . . . , /; of the ideal /qo of Yoo such that y G (K) lies in Fqo {K) 



10 



J. DRAISMA 



if and only if fi[gy) = for all i and all g & G. Choosing m such that fi, . . . , fi £ Im 
we then have, for n > m, 

Yn{K) = {y e MK) I Mgy) = for ^ = 1, . . . , ^ and all g e G„} 

by Lemma [231 which proves the desired set-theoretic result. As similar reasoning, 
assuming that A^o is scheme-theoretically G-Noetherian, would yield that for some 
m and all n > m the ideal of Yn is generated by the G„-translates of the ideal of 
Ym- Unfortunately, neither the topological space OMoo(-ft^) nor the scheme si^^ is 
G-Noetherian, as the following example shows. 

Example 5.1. Consider the monomials 

/2 := yi22/21, fa 2/122/232/31, fi ■= 2/l22/232/342/41, ■ ■ • 

in the coordinate ring of OMqo, as well as the points p2,P3, ■ ■ ■ £ OMoo{K) where 
Pi is an off-diagonal N x N-matrix with I's on the positions corresponding to the 
variables appearing in fi and zeroes elswhere. Then we have fi{Gpj) — for all 
i ^ j and fi{pi) — 1. Hence the sequence Xi ^ X2 ^ ■ ■ ■ oi G-stable closed sets 
defined by 

X, := {p e OMoo(if) I fjiGp) = {0} for aU j < i} 
does not stabilise, since p^+i & Xi\ Xi+i. It is easy to find a similar example 
showing that is not G-Noetherian; see [h, Proposition 5.2]. 

Our strategy in both cases is to replace Aoo by a closed G-stable subscheme Aoo , 
which contains Y^o and such that A^c is G-Noetherian (for chirality varieties) or at 
least Aoq{K) is G-Noetherian (for the fc-factor model). 

The fc-factor model. In this section Aoo equals the subscheme OM^^ of OMoo 
whose ideal is generated by all off-diagonal (fc+1) x (fc+l)-minors of the off-diagonal 
matrix iyij)i^j. 

~ <k 

Theorem 5.2. The topological Sym(N)-space OM^ (K) is Sym{N)-Noetherian. 
Proof. We proceed by induction on fc. For fc = the statement is trivial, since 

~ <k 

OM^ (K) consists of a single point. Suppose that the statement is true for fc — 1. 
We shall construct a continuous and Sym(N)-equivariant map (p from a Sym(N)- 

~ <k 

Noetherian space to OMoo(i^) whose image contains 0M~ (K) as a closed subset. 
By Lemmas 13.31 and 13.21 we are then done. The required Sym(N)-Noetherian space 

~ <k — l 

is the disjoint union of OM^ l-^), on which is the inclusion map, and a second 

~ <k ~ <k—l 

space Z, which will cover all points of OM^ (K) that are not in OM^ (X). 

For any (possibly infinite) matrix Q and subsets L, N oi its row index set and 
column index set, respectively, we write Q[L, N] for the corresponding submatrix of 
Q. To motivate the construction of Z, set / {1, . . . , fc} and J {fc + 1, . . . , 2fc} 

~ <k 

and consider a point Y in OM^ (K) such that dety[/, J] is non-zero. We argue 
that the matrix Y'[N \ J, N \ /] is an honest rank-fc matrix in the sense that there 
exist bip, Cpj, i€N\J,jGN\I,p— l,...,k such that for all such i,j with i ^ j 
we have 

fe 

Vij — bipCpj . 
p=i 
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Indeed, it is clear that wc can choose the bip and Cpj such that this relation is 
satisfied for e / x (N\/)U(N\ J) x J. Then for e (N\(/U J)) x (N\(/U J)) 
the relation will automatically be satisfied due to the vanishing of the determinant 
of Y[I U {i}, J U {j}] and the non- vanishing of the determinant of Y[I, J] . We shall 
think of the remaining entries of Y, i.e., those j/y with i G J or j G /, as "free 
variables" . This leads us to consider the ring 

R ^[(^ip)ieN\j,i<p<'i;' icpj)jeN\Li<p<k: {dij)ieN,jei , {Bij)ieJjeN\i]- 

On this ring the group H := Sym(N\ (/U J)), considered as the pointwise stabiliser 
of / U J in Sym(N), acts by permuting the row indices of b and d and the column 
indices of c and e. By Theorem 14.21 and Lemma [4.41 the ring R is i/-Noethcrian, 
since apart from 4/c copies of countably many variables on which the full symmetric 
group acts, R has only finitely many further variables. Hence by Lemma 14.51 the 
topological space X :— {Spec R){K) is also i/-Noetherian. Consider the map (px ■ 
X OMoo(if ) sending {B, C, D, E) to the off-diagonal matrix 

D[I,I] {B.C)[I,J] (i?.C)[/,N\(/U J)] 

D[J,I] E[J,J] E[J,n\{I{J J)] 

(/U J),/] (B.C)[N\ (/U J), J] (B.C)[N\(/U J),N\(/U J)]_ 

where the blocks on the diagonal are projected into the relevant spaces of off- 
diagonal matrices. The map <j)x is continuous and _ff-equi variant, and hence gives 
rise to a unique continuous and Sym(N)-equivariant map <j)z from Sym(N) Xh X 
into OMoo(-ft^) which maps the equivalence class of (e,x) to 4)x{x) for all x. By 
Lemma 13.51 the space Z is Sym(N)-Noetherian. As all off-diagonal k x /c-minors 
are in the same Sym(N)-orbit (up to a sign), the above discussion shows that the 

- <k - <.k-—l ~ <k—l 

image of Z contains 0M|^ {K) \ OM^ (if). Now the disjoint union of OM^ 
and Z is Sym(N)-Noetherian by Lemma 13.41 and the map <f> which is the inclusion 

~ <A; — 1 ~ Kk 

on OM^ and 4>z on Z has im((/)) D OM^ . This proves the theorem. □ 

Proof of set-theoretic finiteness for the k-factor model. We spell out the proof of 
the first statement, which characterises OM^'' for large n by the condition that 
all principal A^o x Ao-submatrices lie in OM^^. First we argue that there exist 
finitely many elements /i, . . . ,// in the ideal of OM^*^ such that y G OMoo(Ar) 
lies in OM^{K) if and only if fi{gy) = for i = 1, . . . , Z and all g G Sym(N). 
Take /i equal to any off-diagonal (A: -I- 1) x (A: + l)-determinant; these form a single 
Sym(N)-orbit up to a sign. Requiring that fi{gy) = for all g forces y to lie in 

- <k 

OM^ (K). As the latter space is Sym(N)-Noetherian, the closed Sym(N)-stable 
subspace OM^'^(Ar) is cut out by finitely many further equations /2,...,/;; see 
Lemma 13.61 Now take Aq large enough such that /i , . . . , // lie in the coordinate 
ring of OMjvq. Then we have y G OM^^{K) if and only if n^^Xoigy) G OM^^'(^) 
for all g G Sym(N). By Lemma I^TT] this implies that for all n > Aq an element y G 
OMn{K) lies in OM^''{K) if and only if 

'^n,No9y lies in OM^^ for aU g G Sym(n). 
This proves the first statement of the theorem. 

The second statement, which concerns the Zariski closure of the /c-factor model 
Fn^k, is proved in a similar fashion: SOM^'^(Ar) is a closed Sym(N)-stable subspace 

- <k 

of OMj^ (AT), hence characterised by finitely many equations. □ 
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Chirality varieties. For chirality varieties we take Aoo to be the subscheme VJx) 
of Sto'* defined by all Pliicker relations among the yj with |J| = k. From the 
parameterisation 

2/j = Yi ~ ^-j) ^ d*3t(a;})jgj, i=o,...,fe-i 

it is clear that vi^"* is a subscheme of vl^i'' . Theorem 11.31 will follow from the 
following theorem. 

Theorem 5.3. Assume that the characteristic of K is zero. Then is scheme- 
theoretically Sym(N) -Noetherian. 

Proof. Consider the scheme X = Mfe_N of fc x N-matrices with coordinate ring 
R = K[xij I i e [fc], j e N]. Let G — Sym(N) act on X by permuting the columns, 
and let H = Sljk{K) act on X by multiplication from the left. Now the conditions 
of Proposition 14.91 are satisfied: complete reducibility for H in characteristic is 
classical, and G-Noetherianity of R is Theorem 14.21 Hence R^ is G-Noetherian. 
Now we claim that the homomorphism sending yj to det(a;[[fc], J]) is a Sym(N)- 
equivariant isomorphism from the coordinate ring of V^^ to R". This claim follows 
from two well-known facts: First, the kernel of this homomorphism is generated by 
the Pliicker relations, which generate the defining ideal of VJxj ■ Second, by the 
First Fundamental Theorem for SL^ the ring of SLfc-invariants on any space Mfc_„ 
oi finite matrices is generated by the determinants det(a;[[fc], J]) with J C [n] of size 
k see [3j m m [12] ; this readily implies that R^ is generated by these determinants 
as J runs through all fc-sets in N. Hence = Speci?^ is S'j/m(N)-Noetherian, 
as claimed. □ 

Proof of scheme-theoretic finiteness of chirality varieties in characteristic zero. The 
scheme vi^'' is cut out scheme-theoretically from S^'' by the Pliicker relations, 
which form a single Sym(N)-orbit. By Theorem 15.31 the scheme Vm"* is Sym(N)- 
Noetherian, hence its subscheme vS'' is cut out scheme-theoretically from vi^"* by 
finitely many Sym(N)-orbits of equations. Hence the ideal of V^'' in the coordinate 
ring of S^'* is generated by finitely many Sym(N)-orbits of equations, and Lemma 
12.11 together with the remark following it, concludes the proof. □ 



6. Remarks 
We conclude the paper with a few remarks. 

(1) If one drops the characteristic-0 assumption in Theorem 11.31 one can still 
prove a set-theoretic finiteness result: Y^^' (K) is a Sym(N)-noetherian 
topological space. 

(2) In Theorem 11.31 one may replace the Vandermonde determinant by any 
other determinant of a square matrix of which the entry at position {i,j) 
equals Pi{xj) for some fixed polynomials pi, . . . ,pk. Indeed, the resulting 
scheme is still a closed subscheme of Vm'', and the argument in Section 
[5] putting the chirality varieties into the framework of Lemma 12.11 applies 
unaltered. 
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(3) So far we have not succeeded to prove scheme-theoretic finiteness for the 
/c-factor model. Even in the case where fc = 1, in which aU off-diagonal 2x2- 
determinants of an infinite off-diagonal matrix are known to generate the 
ideal, it is not obvious that the quotient by these determinants is Sym(N)- 
Noetlierian. 

(4) Proposition 14.91 is a powerful tool in proving non-trivial finiteness results. 
We expect that it will be useful in many other problems, as well. 
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